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Abstract. A detailed numerical study of electronic transmittance has been carried out to analyse
the nature of the metallic behaviour around the dimer site energy. The transmittance versus
energy curve exhibits resonance features, i.e. it becomes nearly flat at and around the dimer
on-site energy apart from showing other transmission resonances. The spatial variation of
the transmittance for energies in the vicinity of the dimer on-site energy shows Bloch-like
extended character. For electron energies slightly away from this region, the transmittance
shows some oscillation with energy, and the transmission resonances show spatial variation,
having fragmented character which may be attributed to the deviation from the typical Bloch-
like extended character of the states in the vicinity of the dimer on-site energy. Our multifractal
scaling analysis for the normalized transmittance distinguishes the resonances in the two different
regimes.

1. Introduction

During recent years, the nature of electronic states and the behaviour of transport in the
random-dimer types of potential [2–8] which are not completely random but have some kind
of short-ranged correlation have created a lot of interest. Various models of potentials which
are neither completely random nor periodic have been studied, and people have claimed that
extended states exist [9, 10]. Among all of the models studied so far, the random-dimer
model (RDM) has gained special importance since Wu and Phillips [2, 3] claimed that it has
a direct connection with the electronic transport of the polyaniline system. It has been shown
by many authors that the random-dimer-type impurity potential yields electronic states which
are drastically different from those of the random potential (i.e. without any short-range or
long-range correlation) [1] where one expects all states to be exponentially localized, except
a few exponentially narrow resonances. Here we will recall some important physical aspects
related to the RDM, and we will confine our discussion to the context of the Anderson tight-
binding model. In the case of the RDM, Anderson’s tight-binding Hamiltonian is taken in
such a manner that the impurity site energyεa occurs only in pairs embedded randomly
in the host sample having site energyεb. Dunlop, Wu and Phillips [4] showed that the
reflection coefficient of a system containing a single dimer vanishes when the incoming
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electron energy becomes the same as the dimer on-site energy, provided that|εa− εb| 6 2t ,
t being the hopping integral. They also claimed that a number

√
N of states get extended

over the whole sample if it containsN sites. However, Gangopadhyay and Sen [7] claimed
that for a system containing randomly placed dimers there areN1/3 ballistic states. Datta
et al [5] claimed that the number of non-scattered states depends also on the dimer on-site
energy and its concentration in the chain. In a later publication, Dattaet al [6] studied
the nature of states in a RDM through bandwidth scaling analysis. They claimed that the
scaling behaviour of the bandwidths shows that the system contains extended states in the
vicinity of the dimer site energy.

Figure 1. The transmittance(T ) versus energy(E) curve for εA = 0.45 units,εB = 0.145
units, c = 0.10, andN = 2× 105 sites (lower curve), andN = 2× 103 sites (upper curve).

It has been established analytically that the electronic transmittance or wavefunction
corresponding to the dimer on-site energy will always satisfy the non-scattering condition,
and hence the transmittance will be unity even for an infinitely large system. However, the
nature of the electronic transmittance for other energy values has not been analytically
established yet. There is still some controversy regarding the nature of the electron
delocalization or metallic behaviour around the dimer site energy [6, 7]. Detailed numerical
study of the transmittance resonances at different energies may be one possibility for
resolving the controversy. Also, we think that in order to understand the electronic transport
in the RDM more directly, one should attempt to construct a formalism of multifractal
analysis for the normalized electronic transmittance to investigate different states around the
dimer on-site energy. It is to be noted that the direct connection between the results that one
obtains from the bandwidth scaling analysis for the RDM and the transmittance resonances
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for the RDM is not obvious. It should also be noted that the multifractal scaling analysis
for the normalized transmittance has been previously successfully performed to make the
distinction between critical, extended and localized states in the generalized Aubry model
[11] and also to analyse the nature of Azbel resonances in 1-D random potentials [12].

In this communication, the spatial variation of the electronic transmittance has been
carefully studied through a multifractal scaling formalism to analyse the nature of the
electron delocalization in the immediate vicinity and in a regime which is slightly away
from the immediate vicinity. In a previous communication, a distinction between the states
at the centre of the plateau region and stochastic resonances far away from the plateau region
was made through multifractal scaling analysis [8]. In contrast, in this communication, a
distinction is made between different states in the immediate vicinity of the dimer on-site
energy and states slightly away from this region. Also, the tight-binding Hamiltonian is
used in this communication instead of the arrays of delta-function potential models used in
reference [8]. It is to be noted that Wu and Phillips performed a mapping of polyaniline
systems onto the tight-binding form of the RDM. In the RDM, delocalization happens at
around the impurity site energy. The situation is different in the case of the model considered
in reference [8], and the exact relationship between the parameters of the two models is
not obvious. Also, most of the work in the field of delocalization induced by dimer-type
correlation has been done within the framework of the tight-binding model. So, in our
view, characterization of different resonance states in the case of the tight-binding RDM is
a matter of immense academic and practical interest.

2. Formalism

2.1. Electronic transmittance in the transfer matrix method

Here we consider the Anderson tight-binding Hamiltonian(Ĥ ) with nearest-neighbour
interaction:

Ĥ =
∑
i

εi |i〉〈i| +
∑
i,j

vij |i〉〈j | (2.1)

whereεi represents the on-site energy at theith site, and thevij are the nearest-neighbour
tunnelling matrix elements connecting sitesi andj .

Now, for the stationary-state solution of the above Hamiltonian corresponding to the
energy eigenvalueE, we can write

(E − εn)Cn = vn,n+1Cn+21+ vn,n−1Cn−1 (2.2)

whereCn is the probability amplitude that the siten is occupied. Now we consider a
situation where the first and the(N + 1)th sites of a RDM chain are attached to two
perfectly conducting semi-infinite leads. Following Liu and Chao [13] and Thakuret al
[11], we take the site amplitude as

Cn =
{
A+k eikn + A−k e−ikn for n > (N + 1)

B+k eikn + B−k e−ikn for n 6 1.
(2.3)

Then, using the standard transfer matrix procedure, one can connect the incoming and
outgoing solutions as follows:[

A−k
A+k

]
= T(kjN)

[
B−k
B+k

]
(2.4)
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Figure 2. The transmittance(T ) versus sample size(N) curve forE = 0.452 28 units (topmost
curve),E = 0.472 16 units (middle curve), andE = 0.471 920 units (lowest curve) for the same
set of parameters as for figure 1.

where

T(k;N) =
[

eik(N+1) 0
0 e−ik(N+1)

](
S−1

N+1∏
i=1

PiS
)

(2.5)

and

S =
[

e−ik eik

1 1

]
(2.6)

and

Pi =
[
(E − εi)/t −1

1 0

]
. (2.7)

Now, to calculate the transmittance, we takeA−k to be zero. The reflectance can be obtained
from

r(E,N) =
∣∣∣∣B−kBk

∣∣∣∣2
and the transmittancet from the relationt (E,N) = 1− r.

2.2. Multifractal scaling analysis of the normalized transmittance

We will discuss only the multifractal scaling algorithm developed by Chabra and Jensen
[15]. This algorithm has been used in analysing the crossover states in the generalized
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(a)

Figure 3. (a) Thef (α) versusα curve for the same set of parameters as for figure 1, but
for E = 0.452 28 units, with the corresponding system sizes beingN = 5× 104 sites (bold
line), N = 1× 105 sites (dashed line),N = 2× 105 sites (dotted line). (b) Thef (α) versusα
curve for the same set of parameters as for figure 1, but for energyE = 0.472 16 units, with
the corresponding system sizes beingN = 1.5× 105 sites (dotted line),N = 2× 105 sites
(dashed line), andN = 3× 105 sites (bold line). (c) Thef (α) versusα curve for the same
set of parameters as for figure 1, but for energyE = 0.471 920 units, with the corresponding
system sizes beingN = 1.0× 105 sites (dotted line),N = 1.5× 105 sites (dashed line), and
N = 2.5× 105 sites (bold line).

Aubry model [11] and in many contexts in the literature [16]. The multifractal formalism
has been developed essentially to describe the statistical properties of some measure in terms
of its distribution-of-singularity spectrumf (α) corresponding to its singularity strengthα
[14]. Here we take the normalized transmittance as the measure given by

pi = Ti
/ N∑

i=1

Ti

whereTi is the transmittance from one end of the chain up to theith segment when the
length of the chain is divided intoN equal segments such that transmittance for a given size
is obtained by always increasing the previous size by adding the same number of atoms.
According to Chabra and Jensen [15], if one defines theQth moment of the probability
measure by the following expression:

µi(Q;N) = pQi
/ N∑

i=1

p
Q
i
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(b)

Figure 3. (Continued)

then a complete characterization of the fractal singularities can be made in terms of this
function. Hence one can derive the spectrum of the fractal singularities defined by{α, f (α)},
whereα characterizes the strength of the type of singularity andf (α) the fractal dimension
of the set on which singularities of this type are defined. Then the expression forf (α) as
suggested by Chabra and Jensen is the following:

f (α) = lim
N→α
− 1

lnN

N∑
i=1

µi(Q,N) lnµi(Q,N)

and the corresponding strengthsα of the singularities are obtained as

α = lim
N→α
− 1

lnN

N∑
i=1

µi lnpi.

In this formalism, one need not calculate the generalizedDQ which corresponds to the
scaling exponents for theQth moments of the measure. The old formalism for determining
f (α) from the Legendre transform of theQ − 1 versusDQ curve involves a numerical
operation which has several disadvantages, like missing real discontinuities leading to phase
transitions.
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(c)

Figure 3. (Continued)

3. Results and discussion

In our numerical work, we have considered the hopping parameter to be unity in the
lead as well as in the sample, and all other energy parameters have been considered in
units of unit hopping throughout the calculations. Firstly, we numerically compute the
electronic transmittance for a chain having the dimer on-site energyεA = 0.45 units, and
the host site energyεB = 0.145 units, the concentrationc of the dimer impurity being
0.10 for two different system sizes. The transmittanceT (E) versus energy(E) plot for
N = 2× 104 sites is shown as the upper curve in figure 1. The lower curve shows the
transmittanceT (E) versus energyE plot for a larger size—N = 2 × 105 sites. Here,
due to the increase of the system size, we see that the energy region around the dimer
site energy over which the transmittanceT (E) is nearly flat and almost forms a plateau
shrinks.

We have analysed the spatial characteristics of the transmittance in the vicinity of the
dimer on-site energy and have gradually crossed these nearby energies to establish whether
the behaviour of the spatial form of the transmittance changes from the behaviour in the
immediate vicinity. We have shown this by plotting the transmittanceT (E) for different
lengths for these energy values in figure 2. The top curve shows the transmittance versus
length plot for the transmission resonance atE = 0.452 28 units. The middle curve is the
same plot but for the resonance state atE = 0.472 16 units, i.e. the energy value is chosen
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(a)

Figure 4. (a) The f (α) versusα curve for εA = 0.15 units, εB = 0.045 units,c = 0.15
units,E = 0.152 46 units, and for system sizesN = 5× 104 sites (dotted line),N = 105 sites
(dashed line), andN = 2.5× 105 sites (bold line). (b) Thef (α) versusα curve for the same
set of parameters as in (a) but for the energy valueE = 0.189 92 units and for system sizes
N = 5× 104 sites (dotted line),N = 105 sites (dashed line), andN = 3× 105 sites (bold line).

slightly away from the immediate vicinity, where one can see some changes, and a new
pattern starts showing up. The lowest curve shows the variation of the transmittanceT (E)

with length(N) for E = 0.471 920 units. It is to be noted that the value of the transmittance
for E = 0.471 92 units is lower than that for the energy valueE = 0.472 16 units. One can
think of this energy region as being a physically different region, where a new pattern in
the transmittance versus length plot emerges, as compared to the region immediately around
the dimer on-site energy. We have performed a multifractal scaling analysis, i.e. produced
an (α, f (α)) plot, for these states, as described below.

In figure 3(a) thef (α) versusα plot is shown forE = 0.452 28 units; it was produced
by choosing three different system sizes:N = 5×104, 105 and 2×105 sites. One can notice
that with the increase of the system size, thef (α) versusα curves contract systematically.
This is a clear signature of a Bloch-like extended state.

In figure 3(b), we have shown anf (α) versusα curve forE = 0.472 16 units and for
N = 1.5× 105, 2× 105, and 3× 105 sites, where we see that both theαmin- and αmax-
values are now increased in magnitude, but it does not show any definite trend of either
a contraction or a systematic increase with system size. However, theαmin-values do not
change significantly. Here clearly theα, f (α) spectrum signifies the deviation from both
the typical Bloch-like extended character and from the exponentially localized nature. In
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(b)

Figure 4. (Continued)

this sense, this is a region that is physically different from the immediate vicinity, where
the Bloch-like extended character is observed.

In figure 3(c), we have shown the plot off (α) versusα for E = 0.471 920 units and
for N = 1.0× 105, 1.5× 105, and 2.5× 105 sites, where with the increase of the system
size, a tendency towards localization is observed. Here the exponentsα andf (α) do not
deviate much from unity, and this is a manifestation of a slow electronic localization in the
neighbourhood of the actual resonance.

Next, we consider the case where the impurity site energyεA = 0.15 units, and
εB = 0.045 units, and the impurity concentrationc = 0.15. In figure 4(a), thef (α) versus
α plot has been shown for the energy valueE = 0.152 40 units and for three different
system sizes, i.e.N = 5× 104, 105, and 2.5× 105 sites. One can clearly see that with the
increase of the system size the curves systematically contract.

Now, if one carefully analyses another set off (α) versusα curves as shown in figure
4(b) for the resonance state atE = 0.189 92 units for three system sizes,N = 5×104, 105,
and 3× 105 sites, one can notice that the curves do not systematically contract, but on the
other hand theαmax- andαmin-values show small oscillations. In this situation, the values
of α and f (α) are not very different from unity, and the deviation from the Bloch-like
extended character is much less as compared to the resonance state shown in figure 3(b).
This is due to the choice of a smaller difference ofεA and εB , i.e. the on-site energies of
the dimer and the host, so the values of transmittance are always relatively high, i.e. closer
to unity. Note that all of these resonances are characterized by finite energy widths as
compared to the exponentially narrow Azbel resonances.
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4. Summary and conclusion

Our numerical study of the electronic transmittance corresponding to the transmission
resonances both in the vicinity of the dimer on-site energy and slightly away from it brings
into focus important physical aspects which have not been properly investigated before. The
transmission resonances for energies very close to the dimer on-site energy exhibit extended
character similar to that of Bloch-type wavefunctions. There are also other resonances of
finite width away from this region for which the spatial variation of the transmittance exhibits
a strongly fluctuating pattern which persists up to a very large system size.

Although Gangopadhyay and Sen [7] observed the existence of these two regions, they
did not attempt any rigorous numerical analysis to distinguish the two. Also, in contrast
to their speculation that the nearby states will behave like critical states under multifractal
analysis, we find a Bloch-like extended character for these states by the same analysis.
We claim that the spatial behaviour of the electronic transmittance for energies slightly
away from the immediate vicinity is different from that of both Bloch-like extended states
and exponentially localized solutions and also from that of exponentially narrow Azbel
resonances.

According to Wu, Goff and Phillips [17], any physical system such as conducting
polymers or semiconductor heterostructures that can be described by the RDM should
exhibit transmission resonances and a drastic enhancement in its conductivity when the
Fermi level coincides with the position of the resonance states. We believe also that
the transmission resonances where the transmittance shows a behaviour different both
from Bloch-like extended states and from exponentially localized wavefunctions may cause
enhancement of the conductivity in such systems.
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